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Extremal functions for Caffarelli-Kohn-Nirenberg 
and logarithmic Hardy inequalities 

Jean Dolbeault & Maria J. Estcban 

We consider a family of Caffarelli-Kohn-Nirenberg interpolation inequalities and 
weighted logarithmic Hardy inequalities which have been obtained recently as a limit 
case of the first ones. We discuss the ranges of the parameters for which the optimal 
constants are achieved by extremal functions. The comparison of these optimal 
constants with the optimal constants of Gagliardo-Nirenberg interpolation 
inequalities and Gross' logarithmic Sobolev inequality, both without weights, gives a 
general criterion for such an existence result in some particular cases. 
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1. Introduction 



In this paper we discuss the existence of extremal functions in two famihes of 
P^ ■ interpolation inequahties introduced in [51 3]: some of the CafFarehi-Kohn-Nirenberg 

inequahties and weighted logarithmic Hardy inequalities. By extremal functions, 
we mean functions for which the inequalities, written with their optimal constants, 
become equalities. Existence of extremal functions is a crucial issue for the study 
Cu ■ of several qualitative properties like expressions of the best constants or symmetry 

breaking properties of the extremal functions. Before stating our results, let us 
recall the two families of inequalities in which we are interested. 

^ ■ 1.1. CafFarelli-Kohn-Nirenberg interpolation inequalities 

^- Let 2* := oo if d = 1, 2, and 2* := 2d/{d- 2) if d > 3. Define ^ip,d) := 

^ ! d {p-2)/{2p) and consider the space Vl^'^{W^) obtained by completion of X'(M'^\{0}) 

Owith respect to the norm u (-> 11 |x|^° Vu 11? , . Under the restriction 6 > 1/2 if 
^ " ' ' "L-(R'') ' 

(^ ■ d=l, notice that 9 g [i?(p,d), 1) for a given p g [2,2*) if and only if 6^ g [0, 1), 

O ! p g [2,p{e, d)] with p{e, d) := 2 d/{d - 2 0). Let Uc := (d - 2)/2. 



Theorem 1.1. ^ Let d > 1. For any p g [2,2*] if d > 3 or p e [2,2*) if d ^ 1, 

2, for any 9 g ['d{p,d),l] with 9 > 1/2 if d ^ I, there exists a positive constant 
^CKN{9,p,a) such that 



H. / r I„,IP \- / r |Vw|2 



^.' S.d^ <CcMO,P,a) ^-^dx J^.. 



(1.1) 

for any u g I?^'^(M''). Here a, b and p are related by b ~ a — Oc + d/p, with the 
restrictions a < b < a + 1 if d > 3, a < b < a + 1 if d = 2 and a + 1/2 < 6 < a + 1 
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if d ~ 1. Moreover, the constants Cckn(^,P, a) o,re uniformly bounded outside a 

neighborhood of a = Oc. 

By a transformation of Kelvin type, namely u i— )- |2;p(°~°<:) u{x/\x\'^), the case 
a > Oc can be reduced to the case a < a^. See [5] for details. For simplicity of the 
statements, we shall therefore assume that a < Oc. 

The case 6* = 1, p e [2, 2*] and d>'i has been widely discussed in the literature: 
see 121 [SJ ini [H] ■ The case 9 <1 has been much less considered. 

When extremal functions arc radially symmetric, they are explicitly known: see 
[U [7] . On the other hand, symmetry breaking, which means that extremal functions 
are not radially symmetric, has been established in [J when d > 2 and 

■&{p,d) <e < e{a,p,d) if a > d{p,d) and 'd{p,d) <9 <1 if a < a{p,d) , 

with e{a,p,d) := 3,(7_\)p [{p + 2)^d^ + 4a^ ^ 4a{d~ 2)) - 4p{p + 4) {d - 1)] 

and a{p, d) := ^^ — 2^/d — l/\/{p — 2){p + 2). This region extends the one found 
for6' = l in [Hg. 

Finding extremal functions of (jl.ip amounts to proving the existence of minimiz- 
ers for the following variational problem 



-CKNlf,P, aj ue_Di'^(R'')\{0} II kl ''""^ 



1.2. Weighted logarithmic Hardy inequalities 

In [3] , a new class of inequalities has been considered. These inequalities can be 
obtained from (|1.1D by taking 6 ~ ^ {p— 2) and passing to the limit as p ^- 2+. 

Theorem 1.2. ^ Let d > 1, a < ac, 7 > d/4 and j > 1/2 if d = 2. Then there 
exists a positive constant Cwlh(7, a) such that, for any u £ I?^'^(]R'') normalized 
by /jjd |x|^^("+^^ |mP dx = 1, we have 



X,^^10B-(N^^— M.p)rf.<27log 






(1.2) 

Moreover, the constants CwLH(7,a) o,i"£ uniformly bounded outside a neighborhood 
of a = flc . 

For this problem, a symmetry breaking result similar to the one of [21 |H] has been 
estabhshed in [^ for any 7 < 1/4 + (a — acY /{d — 1) when d>2 and a < —1/2. 

Finding extremal functions of (jl.2p amounts to proving the existence of minimiz- 
ers for the following variational problem 

1 ||b|-'^Vu||?2 

mi 



iikr<°+^'i«iiix2 , =1 ^ 
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1.3. Main results 

Our aim is to prove existence of the extremal functions for inequalities (jl.l|) 
and (jl.2p . We shall assume that Cckn(^,P, a) and CwLH(7,a) are optimal, i.e. 
take their lowest possible value. Cases of optimality among radial functions and 
further considerations on symmetry breaking will be dealt with in [7]. Existence 
of extremal functions for (jl.ip has been studied in various papers in case 9 = 1: 
see primarily [5] and references therein for details. In the case of radial functions, 
when 6 < 1 and d > 1, existence of extremal functions has been established in [4] 
for any 6 > i9(p, d). Still in the radial case, similar results hold for ()1.2p if d > 1 
and 7 > 1/4. Notice that nonexistence of extremal functions has been proved in [3] 
for d ~ 1 and 9 ~ d{p^d). Nonexistence of extremal functions without symmetry 
assumption has also been established in ^ for d > 3, = 1 and a = b < Q. Our 
main result goes as follows. 

Theorem 1.3. Let d>2 and assume that a G (— oo,ac). 

(i) For any p G (2,2*) and any 9 G (?9(p, d), 1), (|l.ip admits an extremal func- 
tion in I?^'^(R''). Moreover there exists a continuous function a* : (2,2*) — >■ 
{—oo, Qc) such that (jl.ip also admits an extremal function in I?^'^(M'') if 
9 = 'd(p,d) and a ^ {a*{p),ac). 

(ii) For any 7 > (i/4, ()1.2p admits an extremal function in 2?^'^(R'*). Moreover 
there exists a** G (— 00, ac) such that (jl.2p also admits an extremal function 
mX»i'2(M'^) if ^ = (1/4, d>3 andae (a**,ac). 

As we shall see below, the optimal constant when p = 2, 9 E (0, 1), is (a — ac)~^ ^ 
and it is never achieved: in this case there are no extremal functions in 2?^'^(R''). 

For a given p G (2,2*), the case 9 = ^{p,d) deserves a more detailed analysis. 
Consider the following sub-family of Gagliardo-Nirenberg interpolation inequali- 
ties, which have been extensively studied in the context of nonlinear Schrodinger 
equations (see for instance [11]), 

ll"ll^(«.) < Cgn(p) llVull-;-:^) ll^llL^r" V u G RH^') . 

If u is a radial minimizer for 1/Cgn(p), define Un{x) := u{x + ne) for some e G S"*^^. 
It is straightforward to check that a-d{p,d) -I- (a + 1) (1 — 'd{p,d)) = h. Since 

and |||a;r''itn|lL''(Md) ^ "-"'' II^IIl" («<*)' i* follows that Cgn(p) < Cckn(^(p, rf),P,a). 
A more careful expansion actually shows that 

1 jii-i-"v.,j|-;;f;iiixr(-^).„ii^y;-^» 



Cc\^n{'&{p,d),p,a) |||a;|-''u„|||^p 



2 

1 



l + Un-^ + 0{n-^)) 



Cgn(p) 
as n — ^ 00, for some real constant 7?., that can be explicitly computed: 

7^ = 7^l „ ,,,^^"> +7^o (1.3) 
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where TZq and 7?,i arc polynomials of degree two in terms of a, with finite coefficients 
depending on p, d (but not on t). For given d > 2 and p e (2,2*), a sufficient 
condition for 7?. < is that both 7?.i and TZq are negative, which defines an explicit 
interval in (— oo, Oc) for which we know that Cgn(p) < Cckn(''^(p, d)^p, a). This will 
be discussed in Section [SJ 

Similar results can be proved for (|1.2p . In that case, we shall consider Gross' 
logarithmic Sobolev inequality in Weissler's scale invariant form (see [^[T^) 

g|4, H^ iog|„|^ d. < c^g WWuWl^^^^^ Vue Hi(M'^) such that \\u\\j^.^^,^ = 1 , 

where Cls = 2/(nde). With (u„)„ as above and u{x) = {2t:)~'^/^ cxp(— |a;p/4), 
we find that C^ljj < Cj^g + Oin'"^). 

In the cases 9 = '&{p,d) and 7 = d/4, if cither CcKN{^{p,d),p,a) = Cgn(p) or 
Cwlh('^/4, a) — Clsi we have readily found a non relatively compact minimizing 
sequence. This indicates the possibility of non-existence of extremal functions. On 
the opposite, if we have strict inequalities, we can expect an existence result and 
this is indeed the case. 

Theorem 1.4. Under the assumptions of Theoretn M.SX 

(i) if 9 ~ d{p,d) and Cgn(p) < Cckn(^,P, a), then (jl.ip admits an extremal 
function inVl^'^{W^), 

(ii) if ^ = d/4, d > 3, and Cls < ^wiAiilio), then (|1.2p admits an extremal 
function in 2?^'^(R'*). Additionnally , if a & {ai,,ac) with a^, := Uc — vA* and 
A, := {d-l)e (2'*+i 7r)-i/('i-i) r(d/2)2/{'i-i), i/^en Cls < CwLH(d/4, a). 

In case (i), for d > 3 and p = 2*, according to [3], it is known that Cgn(2*) = 
Cckn(1) 2*, o) for any a < 0. Extremal functions exist for any a > and are radial, 
up to translations. The case a = corresponds to the celebrated extremal functions 
of Aubin and Talenti for Sobolev's inequality. 

The criteria of Theorem ll.4l are sharp, in the following sense. Consider the case (i) . 
If for some ao G {— 00, ac), (|l.ip admits an extremal function in X'^'^(R'*) with 
a = ao and 9 = ^(p,d), then for any a G (ao,ac), by considering an extremal 
function corresponding to oq as a test function for the inequality corresponding 
to a, we realize that Cckn(i9(p, d),P, a) > CcKN('i?(p, d),P, oq). Choose now 

a := inf{a e (a, a^) : Cgn(p) < Cckn('?(p, d),p, a)} . 

If a > —00, then (jl.ip admits an extremal function for any a > a and admits 
no extremal function for any a < a. Similar observations hold in case (ii). See 
Section [S] for further comments and the proof of the sufficient condition for Cls < 
CwLH(rf/4, a). 

This paper is organized as follows. We shall first reformulate (jl.ip and (jl.2p 
in cylindrical variables using the Emden-Fowler transformation and state some 
preliminary results. Sections [3] and S] are devoted to the proofs of Theorems 11.31 
and 11.41 In Section [51 we shall discuss sufficient conditions for TZ given by p.3p to 
be negative and compare the results of Theorems ll.3l fi') and ll.4l fi) when 9 = d{p, d). 
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2. Observations and preliminary results 

It is very convenient to reformulate the CafFarelli-Kohn-Nirenberg inequality in 
cylindrical variables as in j3| . By means of the Emden- Fowler transformation 



= loff|.T| e 



w = — eS'^-i, y = {s,uj), v{y)^\xr-'^u{x), 



Inequality (|l.ip for u is equivalent to a Gagliardo-Nirenberg-Sobolev inequality on 



3d-l. 



the cylinder C := I 



m-v. -' VweHi(C) 



with A := (cc — a)^. Similarly, with w(j/) 
lent to 

Iwp log|wp dy<2^ log CwLH 



2(1-9) 

L^C) 

(2.1) 
u(a;), Inequality (|1.2p is equiva- 



(7,«)(l 



Vu;| 



L^c) 



A 



for any w e II^(C) such that ||w||t2 = 1. When w is not normalized in L^(C), 
this last inequality can also be written as 



'L^O 



-WLH 



(7, a) 



exp 



1 

27 



l-l" 



log 



l-l^ 



(C) 



dj/ 



< llVul 



L^c) 



^Ml\cy 



(2.2) 

for any lu e H^(C). We shall denote by C^j^j^((?,p, a) and C^Ljj(7,a) the optimal 
constants among radial functions for (jl.ip and (jl.2p respectively. Radial symmetry 
for (jl.ip and (|1.2p means that there are minimizers of £g and J^y depending only 
on s. In such a case, Cckn(6',p, a) = Q}.y^^{e,p,a) and CwLH(7>a) = CwLH(77a)- 
Radial optimal functions are explicit and the values of the optimal constants, 
Cqj^j^(0,P, a) and C^ljj(7, a), have been computed in [3]: 



CcKN(6',p,a) > Cckn(^'-P'«) = CcKN(^'-P'ac" 1)A 2 
Cwlh(7, a) > C^lh(7, a) = C^lh(7, ^c - 1) A"^+~ 



(2.3) 



where A = (a — Cc)^ 



C 



CKN^ 



?,p,ac- 1) 

p-2 



2 7r' 



d/2 



r(d/2) 



(p-2)" 



2+(2e-i)p 



C* f-Y fl 11 - 1 (4-r-i) ^"^ 

"^WLHWiOc -'-7—47" ~~~~J^ 
' (2 7r'*+i e)4T 



2+(2e-i)p' 





4 


6-p 
■2p 


2pe 




p+2 





r(^+i) 
v^r(^) 



^ [r(d/2)]- if7>i 



[r(rf/2)]^ 



and C* fin ,x _ [na/zji :f 1 

Symmetry breaking means that Inequalities in (j2.3p are strict. 

In case (i), forp = 2, it is clear from ((2TT|) that Cckn(^, 2, a) > A"^. Let v G ^^{C) 



be a function depending only on s such that ||w||t: 



(C) 



1 and define Vn{y) 



n ^ v{s/n) for any n > 1, y ^ (s,lu) E C. It is therefore straightforward to observe 
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that lim„^^(||Vu„|||2^^j + A)'' = A'' = 1/ CcKN(e, 2, a) = 1/ C^^nC^' 2, a). From 

p.ip . we also read that equality cannot hold for a nontrivial function v. 

The following elementary estimates will also be useful in the sequel. 
Lemma 2.1. For any x, y > and any ij G (0, 1), we have: 

(i) (1 + x)'' (1 + y)"'^^'' > 1 + x'' y^~^ , with strict inequality unless x = y, 

(ii) rjy}'^ + (1 — 77) yi/(i^'') > xy, with strict inequality unless x = y and rj = 1/2. 

Proof. In case (i), let /(r;) ~ ij log(l + x) + (1 - 77) log (1 + y) - log (l + x'' y^"''). 
We observe that /(0) = /(l)=0 and, moreover, /(1/2) > 0, since (1 +x) (1 + y) > 

^2 nnH n -\-vVsA-V\2f'U„\^_yV,,l~V(]no(>^^^'^. 



(l + y5(y)2 and (1 + x''yi-'')V"(??) == ~x'' yi-''(log(^))^ < 0, at least if x 7^ y. This 
proves assertion (i). 

Incase (ii), let /(r/) := 77 x^/'' + (1 - ?y) yi/t^-'') -xy. We observe that /(1/2) > 
(with strict inequality unless x = y) and 

riv) = r^-^xl/"! logXp + (1 - 77)-3 yl/(l-'7)| logy|2 > , 

thus proving the second assertion. D 

The functional w 1— > L |wp log (|wp/||w||?2 ) dy can be seen as the limit case 
of ui I— 7> ||w;|lf p,„.- At least from the point of view of Holder's inequalities, this is 
indeed the case, and the following estimate will be useful in the sequel. 

Let fl be an arbitrary measurable set and consider Holder's inequality, || w||]^"j,j^n < 

"'""L'(a) I'^I'L^m) ^^^^^1 = 2(p-q)/(g(p-2)) for any g such that 2 < q < p < 2* . 
For <7 = 2, this inequality becomes an equality, with r/ = 1, so that we can differen- 
tiate with respect to g at q ~ 2 and obtain 

/ IwP logf ,, \f' ) < -^\\w\\j, logf l'.^llF'"' ) . (2.4) 

3. Proof of Theorem [m 

In case (i), let p e (2,2*) and 9 e {d{p,d), 1) . In case (ii), let 7 > d/A. Consider 
sequences (w„)„ and (u;„)„ of functions in H^(C), which respectively minimize the 
functionals 

2_ , A|U,||2^ VlU,l|2{l-e) 



^.H:=(I|V.|1^.^,^ + AM|£.J II-IIl"(c) 



:F^[w]:={\\Vw\\1.^^^+A] exp 



-^ f \w\' \og\w\' dy 
•^ c 



under the constraints HwrillLPfo = 1 and l|w'n||i 2(.„x = 1 for any n e N. We shall 
first prove that these sequences are relatively compact and converge up to transla- 
tions and the extraction of a subsequence towards minimizers if they are bounded 
in H^(C). Next we will establish the a priori estimates in H^(C) needed for the proof 
of Theorem 11.31 Under restrictions on a, these a priori estimates are also valid for 
9 = ??(p, d) or 7 = rf/4 and also give an existence result for minimizers. 
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3.1. Convergence of bounded minimizing sequences 

Consider C as a manifold embedded in M''+^ and denote by Br{y) the ball in 
R'^+i with radius r centered at y. From [3l Lemma 4.1], which is an adaptation of 
pUl Lemma LI, p. 231], we have the following lemma. 

Lemma 3.1. (TUIIS] Let r > and q G [2, 2*). // (/„)„ is bounded in H-'^(C) and if 

limsup / Ifnl'^dy = 

ra->oo J Br(y)nC 

for any y eC, then lim„_^oo ll/n||£''(c) = f'^'^ «"2/ P ^ (2; 2*). 

As a consequence of this result and of the convexity estimates of Lemma 12.11 the 
relative convergence of bounded sequences is a rather straightforward issue. 

Proposition 3.2. Let d > 2, p e (2,2*) and 6 e [t?(p,d),l). Let (w„)„ be a 
minimizing sequence for £g such that \\vn\\£jP(c) = 1 for any n G N. // («„)„ is 
bounded in H^(C), then {vn)n is relatively compact and converges up to translations 
and the extraction of a subsequence to a function v G H^(C) such that \\v\\ip,r\ — 1 
and £e[v] = 1/ Cckn(^,P, a). 

Proof. Up to translations and the extraction of a subsequence, (w„)„ weakly con- 
verges in H^(C), strongly in lj^^^r]\Jl^^{C) and a.e. in C towards a function v G H-'^(C). 
By Lemma |3.1[ v is non-trivial and H'^Hlpcc"! t^ ^' 
Up to the extraction of subsequences, using 

lim„^oo ll^nli^^^c) " "^"l'(c) + 1™"^°° 11^" ^ ^"l'(c) ' 

lim„^oo II V«"I!l^(c) = "^''"l'(C) + 1™"^°° ll^"« " ^^'"l'(C) ' 

with rj = 0, 

II V«„ - V«|||. + A ||v„ - v\\l, ||«„ - i>|||, 
X = lim ,.^ ,,„ . ,, ,,„ and y = lim — -—^5 , 

by Lemma 12.11 (i) , we find that 
1 



Cckn(^,P, a) 



lim £g [v„] > £e [v] + lim Eg [v„ 



n— >-oo 



CcKN(0,P,a) 



L:^(ii^'|Il''(c)+,i™oII-"-^'|Il''(c)) 



By the Brezis-Lieb Lemma (see [1] Theorem 1]), we know that 
1 - 11?) IP - lli;!P + lim 11?) -7jF 

The function /(z) :— z^/p -(- (1 — z)^/'' is strictly concave so that for any z G [0, 1], 
/(z) > 1 with strict inequality unless z = or z = 1. Applied with z = ||w||tp, ,, 

this proves that ||w||£^P((^% = 1. Since YvoYn^ryo £e[vn] ^ ^e[w], we know that u is a 
nontrivial extremal function for (jl.ip . This completes the proof. D 
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Proposition 3.3. Let d > 2 and 7 > d/4 with strict inequality if d ^ 2. Let (i(J„)„ 

be a minimizing sequence for J-^ ,suc/i i/iai ||w„|| 7-2 = IforanynCzN. Lf{w„)n is 

bounded in H^(C), then (wn)n is relatively compact and converges up to translations 
and the extraction of a subsequence to a function w € H^{C) such that \\w\\ r^, . = 1 
and F^i[w] = 1/Cwlh(7, a)- 

Proof. Consider now the sequence {wn)n and denote by w its weak limit in H^(C), 
after translations and the extraction of a subsequence if necessary. 
By (1121) and (j^^ . we know that 



J^-yiwn] > Cwlh(7, a) ^ II 



Xp-2) 



for any p e (2,2*). If it; = 0, then lini„_j.oo 1 1 ^n 1 1 L*" (»''') ~ t)y Lemma F3. 11 which 

contradicts the fact that (i«„)„ is a minimizing sequence and Cwlh(7, a) is finite. 

Hence we have ||it;||? 2 7^ 0. 
" "L (c) ^ 

By the Brezis-Lieb lemma and by semi-continuity, we know that 
1 



^ , { = hm T^lwn] 



> 



!VHI^(,)+A||HI^,,)+„li,m(l|V. 



"^11^(0+^11"^^ 



exp 



^j- lim 

' n— f oc 



iwnp log|w„p dy 



up to the extraction of subsequences. We may apply (j2.2p to w and ?«„ — vu. Let 



»? := II'w||t2,.,, so that lim ||w„ 
?7 < 1, with 



w\\h 



L^(C) 



1 - r/. We know that 77 e (0, 1]. If 



X = exp 



exp 



^Ic\M'^og{jJ^)dy 



2 y im^n— ^00 



/c \wn - w\^ log ( ||^'"::'^g' ) dy 



we can write 
1 



> iTyx'' +(1 — ?7)yi-i ) exp 



CwLH(7.a) 
We may then apply Lemma 12.11 (ii) and find that 

1 . xy 



J- lim 

27 „^oo 



|w„P log|u;„p dy 



> 



exp 



CwLH(7>a) CwLH(7:a) 
According to [TJ Theorem 2], we have 



77- lim 

27 „^oo 



|w„P log|w„p dy 



/ |wp loglwp dy-t- lim \w„ - w\'^ log\wn - w\'^ dy = lim \w„\'^ log \w„f dy 
Jc "^°° Jc "^°° Jc 
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and, as a consequence, it follows that 



1 1 



> 



-WLH 



(7, a) CwLH(7ia) 



exp 



-2^ (??log?7+(l-'?) log(l-7?)) 



This proves that rj ^ I. Using (|2.4p . we have lim / \wn ~ w\'^ log \wn — w\'^ dy^O. 
Hence w is an extremal function, which completes the proof. D 

The remainder of this section is devoted to the a priori estimates which are 
needed to establish the boundedness of minimizing sequences in H^(C). 

3.2. A priori estimates for CafFarelli-Kohn-Nirenberg inequalities 

Lemma 3.4. Assume that d > 2, p e (2,2*) and G (i?(p, d), 1). For any e > 0, 
there exists an A > Q such that, for any v £ Yi^(C) with \\v\\ip,r\ = 1 o-'^d Eb[v\ < 

CcJn\lp,a) ' ^^e« ||w||h1(C) < A. 

If d > 3, there exists a positive function a* : (2,2*) — >■ {— 00, ac) such that, 
whenever a € {al{p)^ac), the same conclusion holds if 9 = '0{p,d). 

Proof. By Holder's and Sobolev's inequalities, for any p e [2, 2*], we have 

2 



|„||2 < f ||„||''('''P) WvW^-'^'-'^'P^ 



< 



Cckn(1, 2*,ac - 1) (l|VHI^(c) + ^o IK'H^^^^^ 



i}{d,p)\\„\\2(l-^{d,p)) 



where Aq := a^. Let t := ||Vi'||j2 /||w|li2 and write A = A(a) for brevity. 

L (C) L (C) 

Because of the condition £g[v] < (1 + e)/ Cckn(^,P, a), we have 
{t + Af = £e[v] ^n^ < r rn ^ .x n.., 2 



L\c) ^cM0.P,a)\\v\\y^^^ 



<(! + ,) (CcKN(l,2*,a,-l))^(^-rt ^^^ ^^^,(,^^) 
Cckn(6',p, a) 

This proves that t is bounded if > d{p, d). 
If d> 3 and6l = i9(p,d), let 

4:^{l + e)CcKN{hr,a,-l)'/{C*c^^{e,p,a,-l)). 

Since Cckn(1, 2*, Oc — 1), the best constant corresponding to Sobolev's critical em- 
bedding r'i'2(R'^) ^ L^*(M''), is achieved among radial functions, by ([O)) the 
above condition reads 



t + AKK^A"! ^A^-s [t + Ao] , 



which again shows that t is bounded if a e (a*(p),ac), for some a*{p) such that 
Qc — al{p) > is not too big. 
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Since \Hl2^^^ (t+Kf = Ee[v] < (1+e)/ Cckn(^,P, a), II«IIl^(c) ^^^1 H^^Hl^c) = 
i||i;||T2 arc also bounded as soon as t is bounded, thus establishing a bound 
inHi(C). 

If rf = 2, let e > i}{p, 2) = £^. For a choice of q such that ?/ = ^^^ < 6, i.e. for 

Q > 2-p(i-e) ' by Holder's inequality we have ||w|1lp(c) - I1"IIl'(c) "'""l'(c)' ^^^^^^^ 
from 

CcKN(6',p,a) llw|||^2,^s CcKN(6',p,a) 

we deduce that t is bounded. As above, this proves that v is bounded in H^(C). D 

A more careful investigation actually provides an explicit expression of a*{p). We 
get an upper bound for t if we simultaneously have 

K.A^^^A^^^ and A < k^ A^""^ A^^^ Aq , 

that is 

A < minJAoKe ''"', Aqk^J . 

Hence, for d > 3, t is bounded for e > small enough if 

a > ao(p) := flc - flc minj^o ^*''"'' , k§ j . (3.1) 

We shall comment on this bound in Section \5\ 

Proof of Theorem \1.3\ (i). Consider a minimizing sequence (««)„ for £g such that 
IK'"IIl''(C) ^ ^' ^'^^ ^'^y given e > 0, the condition £g[vn] < ^ — ^7F — oT ^^ satisfied 
for n large enough. By Lemma lOl (u„)„ is bounded in H^(C). By Proposition 13.21 
we know that it converges towards a minimizer v £ H^(C) with Ijwllrpfc') ~ -'"' ^P 
to translations and the extraction of a subsequence. This concludes the proof with 
a* = Oq given by p.ip . D 

3.3. A priori estimates for the weighted logarithmic Hardy inequalities 

Lemma 3.5. Assume that d > 2, 7 > d/A and 7 > 1/2 if d ^ 2. For any e > 0, 
there exists an A > such that, for any w € H^{C) with \\w\\ x^, = 1 and J^.y[^y] < 



l + £ 



^, then ||w||hi(c) 



<A. 



If d > 3, there exists a** G (— oo,ac) such that (|1.2p also admits an extremal 
function in P^'^^j^rf) jj^ ^ ^^4^ d > 3 and a € (a**,ac). 

Proo/. By (|2.1|) and (|2.4p . we find that for any a < Oc and any p e (2, 2*), 

L (C) -'^ L (C) 

- ^ "^"^(C) ^°S [Cckn(1,P, a) (i + A(a))] 
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with t := ||Vw||t 2 Vl|w||j 2, and A(a) :— (a — Oc)^. Assuming that |Jw||t 2 = 1 
and J"^[u;] < (1 + e)/ Cwlh(7, a), using (j2.3p we find that 

t + A ^r , l + £ (l + £)A(a)^"T7 

[CcKN{l,P,a){t + A{a))]'-'~ ^WLii{j,a} L^-^^{j , a^ - 1} 

which provides a bound on w in H^(C) if one of the two following cases: 

(i) For d > 3, if either 7 > | or 7 = | and A G (0, a^) is small enough (we choose 
a = 0, p = 2* so that t- ^ = j^ ), 

T ^ 27 p— 2 47^' 

(ii) If d = 2, for all 7 > ^ (we choose a — —I, and p > ^J_\ )■ 

U 



Proof of Theorem \l.S\ (ii). Consider a minimizing sequence {'Wn)n for J-^ such that 
||w„j|j^2 = 1. For any given e > 0, the condition iJ'7[w„] < ^ — ^^f . is satisfied 

for n large enough. By Lemma 1331 (w„)„ is bounded in H^(C). By Proposition [321 
we know that it converges towards a minimizer w G H^(C) with \\w\\t 2 = 1, up 

to translations and the extraction of a subsequence. This concludes the proof with 
a** =liminfe_yo+ cit* ■ D 

4. Proof of Theorem 11.41 

This section is devoted to the limit cases 9 = 'i?(p, d) or 7 = d/4. A sharp criterion 
for the existence of extremal functions for CafFarelli-Kohn-Nirenberg and weighted 
logarithmic Hardy inequalities is given by the comparison of their optimal constants 
with the optimal constants of Gagliardo-Nirenberg and Gross' logarithmic Sobolev 
inequalities. 

As already noted in the introduction, Cgn(p) < Cckn('^(p, c?),p, a) and Cls i£ 
CvvLH(d/4, a) for any a £ (—00, Oc). When equality holds, compactness of minimiz- 
ing sequences is lost, because of translations. Here we shall establish a compactness 
result for special sequences of functions made of minimizers for CcKN(^n,P, a) and 
CwLH(7n7 a) with 9,, > 'd{p, d), lim 9,, = '&{p, d) and 7„ > d/4, lim 7„ = (i/4. 

4.1. Compactness of sequences of extremal functions for Caffarelli- 

Kohn-Nirenberg inequalities approaching the limit case 9 — 'd{p, d) 

Lemma 4.1. Let d > 2, p €z (2,2*) and a < Qc- Consider a sequence (0„)„ such that 
0n > i?(p, d) and lim„_j.oo ^n = ^{p, d). If (vn)n is a sequence of extremal functions 
for (|2.ip written for 9 ~ 9n such that \\vn\\]jP(r) — 1 for any n £ N, then (u„)„ is 
bounded in H^ (C) i/CGN(p) < Cckn(i?(p, d),Pj a)- In that case, (w„)„ converges, up 
to translations and the extraction of a subsequence, towards a minimizer v G H^(C) 
of £§{p,d), under the constraint \\v\\]^p,r'. = 1. 
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Proof. For brevity, let us write 6 = i!){p,d) and recall that 9n — 6 > for all 
n € N. Consider first a smooth, compactly supported function v^ such that £'e[we] < 
1/Cckn(0,P, a) +£ and ||we||LP(c) = ^- "^^ ^^^^ 

liminf — — < liminf £e„ [^e] = fei^e] < 



CcKNiO,i,p,a) n^oo " Cckn(6',P, a) 

for any £ > and can pass to the limit as e — >■ O-).. On the other hand, we know 
from [3] that CcKN(^n,P, a) is bounded uniformly as n — >■ oo, so that 

0< liminf i -<- -^ ^. (4.1) 

Consider now the sequence (w„)„ of Lemma HTTl With 

the Euler-Lagrange equation satisfied by u„ for each n € N reads 

- 0n AVn + ((1 - 0n) *„ + A) W„ ^ CcKn(^„,P, «)"' {t„ + A^-"- Vr^^ OU C . 

As in [3], using the translation invariance of (j2.ip in the s- variable, the invariance 
of the functional Sg under rotations on W^^^ , and the fact that w„ is a minimizer, 
we can assume that Vn is nonnegative and achieves its maximum at some fixed, 
given point w* € S''"^. By the maximum principle, we know that — Ai>„(0, w*) > 
and hence M„ := -y„(0,aj*) = |iw„||£^°o,gj is such that 

M^~^ > Cckn(0„,P, a) ((1 - e„) t„ + A) (t„ + A)"--^ . 

After the extraction of a subsequence, we may assume that {Ln)n converges and 
L := lim„_>oo-^n G ((1 - 6'„) Cckn(6'„,p, a), +oo] where L„ := Mf-'^t~^". Let us 
consider the rescaled function /„ defined on C„ := Rx (t„ S''"^ by u„(a;) = A/„ fn{y), 
where y = anX and a'^ = (i„ + A)^^^" M^^'^/ CcKN{0n,P,a)- For any n e N, the 
function /„ is nonnegative, satisfies 

- 0„ A/„ + ((1 - (?„) t„ + A) a-2 /„ = fP-^ 

and reaches its maximum value, 1, at the point (0,a;„), where a;„ = cr„ lu^. 
Assume by contradiction that 

lim i„ = oo . 

n— )-cxD 

In such a case, we know that Eg [«„! ~ t?" ||w„||?2 so that ||wr.||?2 ^ C^" 
and II Vw„|||2 = tn hn\\j^2 ^ ti^""- Moreover, we have MP'^ = L„ i^" -^ oo 
and, by (|4.ip . cr^ '^ i^"^" Af^"^ ^ L„ i„ — >• oo, and /„ solves 

- 0„ A/„ + i-^ (1 + o(l)) /„ = /P-i . 



Existence of extremal functions 13 

As a consequence, A/„ is locally uniformly bounded. 

Next we define on M'' the functions 5„(s,n„a;) :~ /„(s,a;) p„(s,n„a;), where 
(jj & an S'^~^ and n„ is the stereographic projection of cr„ S'^~^ onto R"^"^, considered 
as the tangent plane to S''"^ at a;„. The cut-off function /?„ is smooth and such 
that pn{x) = p{x/\og{l + cr„)) for any x £ M.'^, with < p < 1, p = 1 on Bi and 
supp p C B2- Locally around (0,CiJ„), n„ converges to the identity while its first 
and second derivatives converge to 0. Hence we know that 



l|V.9„|| 


L^K^) - II^-^"IIl^c, 


^)(l+o(l)) 


and 


ll^^"ll^(c„) 


-<- 


-'M-^ 


\\'^-"n\\\2 


(C) 


as n — > oo. Altogether, we 


find that 


















l|Vg„| 


l^(R^) ^ ^(^" 


a \ p d-2 


^) 










which 


means that (V5„)„ is bounded 


inL^ 


{W') and (<?„)„ 


converges in 


K. 


.{R'') 


to 



a constant if L = oo. In any case, up to the extraction of a subsequence, {gn)n con- 
verges weakly in Hj'qj,(R''). Since Agn is bounded in L°°(M''), by elliptic estimates, 
(ffn)n strongly converges in Cj^j.(M'^) to a nonnegative function g : M*^ ^- R such 
that, with 9 = d{p, d), 

-OAg + Ag^gP-' in R^ .9(0) = ||<7|Il-(m.) = 1 , 

where g is constant and A = if i = oo, and A = (1 — 6)/ L otherwise. However, if 
L = oo, then g = 1 cannot be a solution. This proves that L is finite and A takes 
a finite, positive value. Moreover, ||9„||?2 "^ a?,t~^ \\\7nn\\i 2 "^^ l|V9„ilT •> 

is bounded so that (g„)„ weakly converges in H^(R'^) to g ^ 0. Hence we get 
liminf f6i^[w„] = liminf (t„ + A)^"~^ £g[vn] 

n— foo n— ^00 

> hminff.K] = hminf 4%- |lV/„|L^i, , |1/„|1 1 "'' > ^ ^^^ ^ ^""^ 



2./pll^^"NL^(C„)N^"NL^C„)^ lim„_.,|!/„| 



2 



eventually after extraction of a subsequence, where the latter inequality holds by 
semi-continuity. 
Let 

so that fe„[wn] = fe„,c„[/n] / ||/n||fp,^ >■ Because of the change of variables, we 
know that Inequality (|2.1|) becomes 



^fj#^>7^ ^ r V/eHi(C„). (4.2) 

"''"l^(c„) CcKN(t'„,p,a) 

By the local strong convergence of the sequence {gn)m there exists a sequence 
{Rn)n with lim„_j.oo fin = OO sucli that 

r^'-^o.^[Tr = ™ — FTr = i-'5. 
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Here Bji denotes the ball of radius R centered at (0,a;„) in IR^+^. Consider now 
two smooth cut-ofF functions p and ( such that < p < I, < C 1!^ ^i P = ^ on Bi, 
C = 1 on M'^+i \ B2, and supp p C B2, supp C C W^+'^ \ B2. Then we define p„ and 
Cn by Pn{x) := p{x/Rn) and Cn{x) := C,{x/Rn) for any x G M''+^. We can write 



CcKN(6'n,P,a) ll/nllLP(c„) "•^""l''(C„) 

where 77„ = C / Rn for some constant C > 0. Inequality (j4.2p applied to /„ p„ and 
/ra Cra shows that 

1 1 1 in Prill j^P/^ 1 ' ll/n Sn|||^PC(^ •. ~ Vn 



> 



CcKN{dn,P,a) ~ Cckn(6'„,p, a) ||/„|||p 

By passing to the limit n -^ 00, we find that S e (0, 1] is such that 

S^/'P + (1 - s)^/p < 1 . 

Hence S == 1, llsllLP/Rd) ^ limn^oo \\ fn PuW^^p ,^ , and using (|ITT|). we readily find 
that 

> lim inf — — = lim inf £g^ [w„] 



-CKN 



{'d{p,d),p,a) "^00 CcKN(6'n,P, a) "^°° 



a contradiction with our hypothesis. D 

With Lemma 14. 1[ it is straightforward to establish the results of Theorem 11.41 
using Proposition 13 . 21 as in Section [321 Details are left to the reader. 

4.2. Compactness of sequences of extremal functions for the weighted 
logarithmic Hardy inequality approaching the limit case 7 = d/4 

Lemma 4.2. Let d > 3, a € {— 00, ac), and assume that Cls < CwLH(rf/4,a). 
Consider a sequence (7n)n such that 7„ > d/A, lim„^.oo 7n = d/4 and a sequence 
{wn)n of extremal functions in H^{C) for (j2.2[) written for 7 = 7„.' J^-f„[wn] ~ 
l/CwLH(7n,a) o.'iT'd W'^nW £j2 md\ = 1 foi~ any n £ N. Then {wn)n is bounded in 
H^{C) z/Cls < CwLH(rf/4,a). In that case, (wn)„ converges, up to translations and 
the extraction of a subsequence, towards a minimizer w € H^(C) of J-d/^, under the 
constraint ||u'|| 1-2, , = 1. 

Proof. For any n G N, the function Wn solves the Eulcr-Lagrange equation 

-Aw„ - - — I / |Vw„p (iy + A I w^ (l + log \w„\'^) = Mn w„ 
2 7" V^c / 
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for some Lagrange multiplier /i„ G M. Multiplying this equation by w„ and inte- 
grating by parts, we get 

/ |Vw„p dy-- — ( |Vu;„p dy + Aj / \w„\^ (l + log \wn\^) dy = ^i^ ■ 

Let tn '■= ||Vw,i||j2 and assume by contradiction that lim„_5.oo i„ = oo. By 

L (C) 

definition of Cwlh(7, a), we know that 



1 



2 7n Jc 

From the above estimates, we deduce that 



|u;„p log|w„|^ dy = log (CwLH(7n,a) (tn + A) 



l^n=tn- {tn + A) 



h log ( CwLH {jn , a) {tn + A) ) 



2 7n 



also diverges as n — >■ oo like —tn logi„. As in Section l4.ll notice that, using ap- 
proximate minimizers for the case 7 = (i/4, it is easy to verify that 



lim inf ■ 



1 



< 



1 



n->-oo CwL}i{ln,a) CwLH(rf/4,a) 

Let us define il/„ =: maxc Wn- By the maximum principle, we have 

tn+A 



2jn 



{l+\0gM,i)<fIn 



which shows that A/„ > t7i" ° — >■ 00 as n — )• 00 and a„ := Mn t„^ is such 
that liminf„_>.oo a„ > 1. Let (t„ := Af„ and consider the sequence of rescaled func- 
tions {fn)n defined on C„ := M x cr„S''~^ by w„(-) = Mn fn{<^n ■)■ These functions 
are such that ||/n!|i 2,„ n = 1 and they solve 



A/„ 



tn + A 
2 7nCr2 



fn l0g|/„ 



M« , ^K + A 
f^n 2 7„cr2 



;i+iog'T,i) 



/n 



Moreover, we can assume with no restriction that the function /„ attains its max- 
imum value, 1, at the point (0,a;„) with uin — CnW*, for some given cj* S E>'^~^. By 
assumption, we know that 7„ > (i/4, so that, for n large enough. 



JC„ '^n a. 



d/(2 7„) -'"'''" - a„ 



and 



^" ■ '" + ^ ^1 + log afO = ^^^i^(l + 0(1)) <i^^ii^ (1 + 0(1)) 



0-2 9-^0-2 



As in Section [4.11 let n„ be the stereographic projection of (t„ S'' ^ onto M'' ^, 
considered as the tangent plane to §'^~^ at a;„ where aj„ = cr„aj*. Let (;„ be such 
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that 5„(s, n„w) = /„(s,a;)p„(s, n„ w) for any {s,uj) e R x o-„§''"^ = C„. Here p„ 
is a cut-off function as in Section HTTl From the equation for /„, we deduce that A^n 
is bounded in L°°(IR'') uniformly with respect to n G N. Using eUiptic estimates, 
up to the extraction of subsequences, we can prove that (g„)„ locally converges 
towards a function g, defined on W^ and satisfying 

-A.g- A.g(l+log|.gp) = B.g in R'' , g(0) = 1 . 

where A = | lim„_>.oo (^?i + A)/ct^ and B := lim„^oo (log a„)/a„ are two nonneg- 
ative real numbers. If lim„_j.oo a„ = +00, then yl = = 11311? 2 ,5 = and g 

satisfies — Ag = on R"*, which means 5=1. But on the other hand, the uniform 
boundedness of /„ in L^(C„) implies that g € L^(R'^), a contradiction. Notice indeed 
that 

/ I5I dx < liminf / \gn\ dx < liminf / |/„| dy = 1 . 

The sequence (a„)„ is therefore bounded. A, B are positive and 5 := J^^ IsP dx G 
(0, 1]. Notice indeed that g = would contradict 3(0) = 1 and hence S > 0. 

As a consequence of the strong convergence of {gn)n in ^^^^.(K'^), there exists a 
sequence {Rn)n with lim„_^oo Rn = 00 such that 

lim / \fn\''dy = S and lim / Ifnl"" dy > 1 - 5 . 

Here Bfi denotes the ball of center (0,a;„) and radius R in R'^+^ D C„. As in 
Sect ion im consider two smooth cut-off functions p, C,, such that p = 1 on Si, C = 1 
on R"^ \ B2 and supp p <Z B2, supp ^ C R'^ \ B2. Then, we define Pn{x) := p{x/Rn), 
Cnix) := C(a;/i?„). We know that ll/nll^s^^^j > \\fn Pn\\j^2^^^^ + \\fnCn\\l2^^^^ for any 

n e N, lim„_^oo |l/n ^"IIl^,^ . = "^ a-^d lim„^oo ||/« Cn|1^2 = 1 - (5. Moreover, we 

havc||V/„|||.^^^^> ||V(/„p„)|||.^^^^ + |lV(/„Cn)|||2^^^^^+r/„with77„ = 0(l/i?„)- 

For any / e Hi(C„), define 

•^7n,c„uJ := o-„ 



exp 



L (C„) b (C„) 



Inequality (H^J simply amounts to -F^„,c„[/] > Cw"LH(7,..a) ^""^ '^'^^ •^ ^ Hi(C„). By 
assumption, we know that, for any n € N, l/CwLH(7nja) = J^y[^y„] = -7^7„,c„[/n] 
and li/rallx 2, , = 1. From the above estimates, we have 



•^7. ,c„ [/n] exp ( / I /„ 1 2 log I /„ I 

V ^ In Jc„ 



dy 



2 



^"^""l^c„) + ^ "•^""l^c„) ^ "" + /^« + '?" 
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(3n:^\\y{fnCn)\\l.^^^.^+A\\fnCn\\l2^^^^, 

lini„^oo ??« = . 
By definition of J-^^ .c„ : we can rewrite a„ and /3„ as 
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an = -^7„r„[/nPn] 
Ai = -^7„,C„[/n Cn] 



cxp Ur/cJAp^Piogfn;:^ 



L (c„) 



dy 



ll/nP„l|- 



exp 






H ll/«C« 



L^c„) 



By applying (|2.2p to /„ p„ and /„ C„ , we find tfiat 

Win Pn\\-^2 , II Jri Cn||j^2 ,^ , 

-^7„r„[/7iPn] > -= -, -^ and J"7„,C„[/7iCri] > 



CwLH(7nja) 

Using [I] Theorem 2] and ()2.4p . we obtain 



CwLH(7n:a) 



lim / |/„|2log|/„|2dy 

= lim / |/„p„p log|/„/9„p dy+ lim / | /„ Cn P log | /« Cn P c^y 



With 



X = lim„^oo exp 
y = lim„^oo exp 



rt/cj/nPnpiog( iij;:g'f )dy 



2i/cJ/"Cnpl0g( 



L"(c„) 



ll/™CJI? 



(C„) 



dy 



and r; = (5, if (5 < 1, we find that 
1 



lim inf = lim inf J^^ c [fn] 

n-s-oo CwLH(7n,a) "->°° 

5xi + (1 - (5)yT^ 



> 



xy 



(5* (1 - S) 



l-(5 



lim inf - 

n-yoo CwLH(7n,a) 



Hence we know that S^ (l-(5)^^* < 1 by Lemma ETT](nV This proves that 6 e (0, 1] 
is actually equal to 1. 
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Since CwLH(rf/4, a)"^ > liniinf„^oo CwLH(7«:a)"\ we have 

7= 7JT-. — r> lim = liminf J"^„[w„] 

'^?J|V/„|||. +A 
> liminf J^(i/4fw„l = liminf — ;; 

^ /Rjv/pd.T ^ 1 

- eikAf?^og\f\^dv - Cls ' 

a contradiction with the assumption Cls < CwLH('^/4,a). This proves that (t„)„ 
is bounded. D 

With Lemma 14.21 it is straightforward to estabhsh the resuhs of Theorem 11.41 
using Proposition 13 . 21 as in Section [3731 Details are left to the reader. We postpone 
the proof the sufheient condition for Cls < Cwlh (rf/4, a) to the next section. 

5. Concluding remarks and open questions 

Let us conclude with some comments on the range of the parameter a for which 
(jl.ip admits extremal functions if 6' = d{p, d). If p.ip is satisfied, this is the case and 
because of the strict monotonicity of a i— )■ Q.ckn{'&{p, d),p, a) as soon as Cgn(p) < 
CcKN{'&{p,d),p,a), we know that this inequality also holds for any larger value 
of a, up to Oc. In Section 11.31 we gave a sufficient condition for which Cgn(p) < 
Cckn{'&{p, d) , p, a) holds. Let us give some details. 

Consider TZ given by (|1.3|) . To obtain TZ < 0, a sufhcient condition is to have 
TZi < and TZ2 < 0. This can be established in some cases. 

Proposition 5.1. Let d > 5, p E (2,2*) and 6 — -dip^d). There is a constant 
a € (— oo,ac) such that TZ is negative if a € {a,ac). In such a case, CgnIp) < 
Cckn(^(p, '^),P, a) holds and (jl.ip admits an extremal function m 2?^'^(]R''). 

Notice that the expressions of TZi and TZ2 being polynomial of order 2 in a and p, 
an explicit expression of a can be established, which depends of p and d. 

Proof. With no restrictions, that is, up to a scaling and a multiplication by a 
positive constant, the radial minimizer u for 1/Cgn(p) solves the Euler-Lagrange 
equation 

-Au + u-uP^'^ =: . 

Let xo := J^ \u'\^ r'^~^ dr, yo := /q" \u\^ r'^-^r and Zq := J^ \u\Pr'^-Ur. Mul- 
tiplying the equation by ur'^^^ and ru' r'^^^ and integrating with respect to r G 
(0,oo), we find respectively 

Xo + Yo - zo = 

and 

^xo + fyo-^zo-0. 
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Let X2 :- J^ lufr'^+idr, ya := J^ \u\^ r'^+^ dr and za := /o°° |u|Pr'^+idr. Mul- 
tiplying the equation by ur'^'^^ and ru' r'^'^^ and integrating with respect to r G 
(0,00), we find respectively 

X2 -(iyo+y2 -Z2 =0 

and 

" 2 '"^ ' 2 J'^ p 
With e = y/\y\, let us observe that 



^X2 + ^y2-^Z2=0. 



l^ + yr'-^^lvl-'' (i + 2.'^-' 



|y| \y 



= 2;-'^ 1-27^-7^+27 7 + 1 H^+o^ 

\y\ wr \y\ ^m 



as \y\ — )- 00. Consider a radial smooth function g, so that J^^ x g dx = 0, and define 
gnix) := g{x + ne). Using /j^^ {x ■ e)'^ g dx = 2 Jj^d \x\'^ 9 dx, we find that 



\x\ ^^ gn dx = n '^'^ 



n^ /^rf g dx V n2 



as n — >■ 00 



where r(7) := | 7 (7 — Oc)- With the notations of Section [T751 TZ given by (|1.3p takes 
the value 

7^ = r(a) ^ + (1 - 0) r(a + 1) ^ - - r(^) ^ . 
xo yo P zo 

Using the above identities and t := y2/yo > 0, we can eliminate x^, y^, and z^ for 
i = 1, 2 in the expression of 7?. = TZi t + TZq in terms of t. Notice that 7?.o and TZi 
are polynomials of degree two in terms of a, with finite coefficients depending on p, 
d (but not on t). For a = ac, we observe that 

_ d-4 2d- id- 2) p , , , „, . 

thus proving the result. D 

In practice, it turns out that the bound given by p.ip is actually better than 
the condition of Proposition 15 . II in many cases. This however leaves open the ques- 
tion to decide if Inequality (|l.ip with Q = ^{pjd), d > 2 and p G (2,2*). admits 
extremal functions for any a G (— oo,ac) or if a :— inf{a G (a, flc) : Cgn(p) < 
Cckn(^(p,c?),P, a)} is finite. In such a case, (jl.ip would admit an extremal func- 
tion for any a > a and would not admit any extremal function for any a < a. If 
a > — 00, whether there is an extremal function for a = a is also open. 

We finally provide a sufficient condition for having Cls < CwLH(7,a), in order 
to prove the last statement of Theorem 11.41 (ii) . 



Proposition 5.2. Let d > i. If a G {ai,,ac) with a^, as in Theorem \1.4\ then 

Cls < CwLH(c^/4,a)- 
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Details of the proof are left to the reader, as a eonsequenee of (|2.3p and Cls — 

2/ [Tide). Whether the optimal interval is (—00, Oc) or not is an open question. 
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